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Penrose proposed that the big bang singularity should be constrained by requiring that the
Weyl curvature vanishes there. The idea behind this past hypothesis is attractive because it
constrains the initial conditions for the universe in geometric terms and is not confined to
a specific early universe paradigm. However, the precise statement of Penrose’s hypothesis
is tied to classical space-times and furthermore restricts only the gravitational degrees of
freedom. These are encapsulated only in the tensor modes of the commonly used cosmological
perturbation theory. Drawing inspiration from the underlying idea, we propose a quantum
generalization of Penrose’s hypothesis using the Planck regime in place of the big bang, and
simultaneously incorporating tensor as well as scalar modes. Initial conditions selected by
this generalization constrain the universe to be as homogeneous and isotropic in the Planck
regime as permitted by the Heisenberg uncertainty relations.
I. INTRODUCTION
The issue of initial conditions for the universe has been debated extensively in the literature.
Some find it natural to assume that the initial conditions were generic, and the large scale ho-
mogeneity and isotropy we observe today arose from dynamics. In particular, inflation is often
invoked as the key mechanism behind this phenomenon. For example, in the 1980s it was sug-
gested that space-time was irregular at all scales during the Planck era, representing a thermal
foam of maximum entropy. But, because inflation is efficient in diluting irregularities, already by
the end of inflation the universe reached the uniformity we observe on large scale today (see, e.g.,
[1] and references therein). However, to get inflation started within the scenarios that were then
contemplated, the universe would have had to cool below the GUT scale from the thermal foam
in the Planck epoch, and it was unclear as to why and how this should occur [2]. These lines
of reasoning suggested the opposite viewpoint that the initial state had to be very special, e.g.,
without long range spatial correlations in fluctuations of geometry and matter (see, e.g., [3]). A
specific proposal in this direction is Penrose’s Weyl curvature hypothesis (WCH) which posits that,
in spite of the strong curvature singularity, big bang is very special in that the Weyl curvature
vanishes there [4, 5]. The proposal is attractive because it is completely general and not tied to
the details of any specific scenario used to describe the early universe.
We share the underlying viewpoint that a past hypothesis is needed to significantly narrow
down initial conditions and account for the extraordinary homogeneity and isotropy of the early
universe. However, we believe that one needs to extend the original WCH in two directions. First,
it should not be formulated in the context of classical gravity, but take into account important
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2quantum effects. Indeed we know that, already at nuclear densities, quantum physics is crucially
important in astronomy to account for the very existence of neutron stars. Therefore, there is every
expectation that quantum effects would become dominant in the Planck epoch when densities are
some 1080 times the nuclear density. Thus, we need an extension of the WCH that refers to the
Planck regime of quantum gravity rather than the big bang of classical general relativity (GR).
Secondly, while Weyl curvature does vanish in spatially homogeneous and isotropic space-times,
the condition that it should vanish does not by itself imply that the space-time metric gab must
be spatially homogeneous and isotropic since the conformal factor relating gab to the flat metric
can have arbitrary space-time dependence. Therefore restrictions on the Weyl tensor do not by
themselves suffice to arrive at the initial homogeneity and isotropy. The goal of this paper is to
generalize the WCH in order to overcome these two limitations.
Our understanding of the early universe has evolved significantly over the past three decades.
Some of the ideas that featured prominently in the 1980s have been transcended or even ruled out,
and a mainstream approach to investigate the primordial universe has emerged. In this approach
the early universe is described by a Friedmann, Lemaˆıtre, Robertson, Walker (FLRW) background
space-time, together with cosmological perturbations described by quantum fields. While this is
a much more restricted paradigm compared to what was contemplated in the semi-qualitative
discussions in the 1980s, we still face the issue of initial conditions since there is considerable
freedom in the choice of the FLRW background as well as the quantum state of perturbations.
Furthermore, since the task is now defined sharply, it calls for a treatment that is mathematically
precise and more detailed than before.
If one works with a classical FLRW background, the problem becomes ill-posed because one
would have to impose initial conditions on cosmological perturbations at the big bang singularity.
Fortunately, this obstacle can now be overcome because our understanding of the quantum FLRW
geometry in the Planck regime has also evolved significantly. In particular, there is a rich body
of literature in Loop Quantum Cosmology (LQC) which shows that the big bang singularity is
naturally resolved by quantum geometry effects (for reviews, see, e.g., [6–8]). In this framework,
there is a Hilbert space Hphy of physical quantum states, consisting of solutions to the quantum
Hamiltonian constraint, and operators representing observables such as the matter density, cur-
vature, anisotropies, etc. on Hphy. Together, they provide a specific and detailed description of
the quantum space-time geometry in the Planck regime. A surprising aspect of this framework
is that –much like the early universe– the Planck regime appears to be tamer than what one
would have a priori imagined; there are no thermal foams or fractals that were envisaged in the
early discussions. On the other hand, fundamental discreteness underlying this quantum geometry
[9–11] is much more subtle than what was commonly assumed, resulting in unforeseen interplays
between the ultraviolet and the infrared (see, e.g. [12–14]). For concreteness, we will work in the
general paradigm provided by LQC. However, since our analysis uses only the qualitative features
of quantum geometry near the bounce, the generalized WCH can be used also in other bouncing
scenarios.
Thus, we will assume that the big bang singularity is resolved by quantum gravity effects and
there is a bounce in a regime in which the space-time curvature and matter density are of Planck
scale. For concreteness, we will assume that the background is described by a spatially flat quantum
FLRW geometry. The generalization of the WCH will be formulated for the system consisting
of this background quantum geometry, together with quantum fields representing cosmological
perturbations on this background.
Let us first consider tensor modes. They give rise to a Weyl tensor operator Cˆabc
d which
is subject to non-trivial commutation relations. Consequently, one cannot carry over Penrose’s
formulation directly. To understand the conceptual obstacle, let us first consider the quantum
theory of the Maxwell field in Minkowski space-time. There is no non-zero vector in the photon Fock
3space on which the Maxwell field operator Fˆab vanishes identically: the commutator between its
electric and magnetic fields Eˆa, Bˆa is a c-number whence, if a state were to be annihilated by Fˆab, we
would have a conflict with the Heisenberg uncertainty relations. For a completely analogous reason,
there is no physical state of the system under consideration on which Cˆabc
d vanishes identically.
Thus, the generalized WCH has to respect the operator character of the Weyl tensor –especially
the Heisenberg uncertainty relations it is subject to. We will see that this requirement leads one
to refine the WCH in several directions. Finally, Weyl tensor considerations are not appropriate to
restrict the initial conditions for scalar modes, e.g., because these modes can not give rise to a non-
trivial magnetic part of Weyl curvature. Our formulation of the generalized WCH for tensor modes
will suggest a natural extension that is appropriate for scalar modes. In the end, our proposal will
restrict the initial conditions on tensor and scalar modes to ensure maximal homogeneity and
isotropy in the Planck regime, permissible within Heisenberg uncertainties. Therefore we will refer
to the proposal as a quantum homogeneity and isotropy hypothesis (QHIH).
The accompanying paper [14] introduces another principle to severely restrict the background
quantum geometry. It then uses the results of this paper to work out the phenomenological
consequences of the choice of initial conditions for the total system within an LQC extension of the
inflationary paradigm. The main result is that the ensuing power spectrum for scalar modes is in
better agreement with observations of the PLANCK mission than standard inflation: while there is
agreement with the standard predictions at small angular scales, thanks to the interplay between
the ultraviolet and the infrared referred to above, there is an appropriate power suppression at
large angular scales. Thus, there is an interesting relation between initial conditions chosen in
the Planck epoch and the CMB observations that refer to a time some 380,000 years later. We
mention these results only to put the findings of the present paper in a broader perspective. The
present paper does not assume inflation nor, as already mentioned, are the details of LQC dynamics
necessary to the quantum generalization of the WCH. Therefore our QHIH could be useful well
beyond the application discussed in [14].
The paper is organized as follows. In section II we present the underlying framework. Specifi-
cally, the first part of this section considers tensor modes, introduces expressions of the electric and
magnetic parts of the Weyl tensor in terms of metric perturbations and specifies the fundamental
Poisson brackets. Phase space considerations will already lead to the first refinement of the WCH.
The second part summarizes the salient features of the quantum FLRW geometry in the Planck
regime. Our QHIH is presented in section III. After discussing the main idea, we implement it first
in the simpler setting of flat space-time in section III A. This mathematical detour will enable us
to streamline calculations and also bring out the conceptual complications one encounters in the
quantum FLRW geometry. These are addressed in section III B. In the classical theory, to ensure
homogeneity and isotropy it is necessary and sufficient that certain fundamental observables van-
ish on the canonical phase space. The final formulation of our QHIH requires that, in the Planck
regime, expectation values of those observables should vanish and their uncertainties should be as
small as they are allowed to be by the uncertainty relations. This condition selects a ball in the
space of all quasi-free Heisenberg states [15] of tensor modes, thereby severely restricting the initial
conditions during the Planck epoch. For scalar modes, the construction is completely analogous
and is summarized at the end of each subsection. In section IV we summarize the main results
and put them in a broader context.
Our conventions are as follows. We use signature -,+,+,+ and set c = 1. But keep G and ~
explicitly in various equations to facilitate the distinction between classical and quantum effects.
As is usual, we will set κ = 8piG. To bypass certain infrared complications which are irrelevant for
the physics under discussion, we will assume that the spatial topology is that of a 3-torus T3. Since
flat metrics on T3 admit only 3 global Killing fields (which are ‘translational’), there metrics are
globally homogeneous and only locally isotropic. Therefore, by ‘isotropy’ we will mean only local
4isotropy. It is straightforward but somewhat cumbersome to extend our entire construction from
T3 topology to R3 by appropriately handling the distributional character of the Fourier modes of
quantum fields representing cosmological perturbations.
II. UNDERLYING FRAMEWORK
In this section we introduce the basic concepts and mathematical relations that will be used
throughout the rest of the paper. In section II A we discuss tensor perturbations on FLRW back-
grounds and express the electric and magnetic parts of the Weyl tensor in terms of the two tensor
modes that are commonly used. Since the QHIH is based on Heisenberg uncertainties, we present
the Poisson bracket relations between various geometric observables that characterize departure
from homogeneity and isotropy. This classical framework will provide the point of departure in
section III. In section II B we summarize the key properties of quantum FLRW space-times and
introduce a convenient characterization of what is meant by ‘the Planck regime’.
A. Tensor modes: Electric and magnetic parts of the Weyl tensor
Consider a metric g¯ab representing a perturbed FLRW metric ˚¯gab,
g¯ab = ˚¯gab + h¯ab, (2.1)
where  is a smallness parameter and h¯ab denotes the first order perturbation. The background
FLRW metric has the form
˚¯gabdx
adxb = −dt2 + a2d~x2 = a2(−dη2 + d~x2) (2.2)
where, as usual, t denotes the proper time, η the conformal time and a is the scale factor. In
the main body of the paper, we restrict ourselves to tensor modes. Therefore, in the Lorentz and
radiation gauge,
∇¯ah¯ab = 0, h¯abηb = 0, and h¯abg¯ab = 0 , (2.3)
hab satisfies
¯ h¯ab − 2H2 h¯ab = 0 . (2.4)
Here ηa∂a = ∂/∂η is normal to the cosmological slices and H = a˙/a is the Hubble rate. As is well
known, the analysis simplifies considerably if one rewrites (2.1) as
g¯ab = a
2(η)gab = a
2(η) (˚gab + hab) , (2.5)
and works with hab in place of h¯ab and the flat metric g˚ab in place of the FLRW metric ˚¯gab. For,
the gauge conditions (2.3) can now be written using the flat metric g˚ab
∇˚ahab = 0, habηa = 0, and habg˚ab = 0 , (2.6)
and the field equation (2.4) reduces to
˚hab − 2a
′
a
h′ab ≡ −h′′ab + D˚2hab − 2
a′
a
h′ab = 0 , (2.7)
5where the prime denotes derivative w.r.t. η. Thus, except for the term 2a
′
a h
′
ab in (2.7), the field
hab satisfies the same gauge conditions and dynamical equation as the tensor perturbation does on
the flat background g˚ab. We will return to this fact in section III A. It is convenient to regard g˚ab
as background metric and hab a perturbation propagating on this flat background. We will adopt
this viewpoint. In particular, all indices will be raised and lowered using g˚ab.
Because the metrics g¯ab and gab are conformally related, their Weyl tensors satisfy C¯abc
d = Cabc
d,
whence the electric and magnetic parts of the two Weyl tensor are equal
E¯ab = Eab := Camb
n ηmηn, and B¯ab = Bab :=
?Camb
n ηmηn (2.8)
since ηm is the unit normal to cosmological slices w.r.t. g˚ab. Now, given any 4-metric gab, one can
express its Eab and Bab on a 3-slice using the 4-dimensional Ricci tensor Rab and the initial data
–the intrinsic metric qab and the extrinsic curvature Kab on the slice via
Eab = Rab −KamKbm +KKab − 1
2
(qa
mqb
n + qabq
mn)
(
Rmn − 1
6
R gmn
)
(2.9)
Bab = mn(aD
mKnb) , (2.10)
where Da, Rab and abc are the derivative operator, the Ricci tensor, and the volume 3-form of the
spatial metric qab. Using the fact that our metric gab is given by gab = g˚ab +  hab, and g˚ab is flat,
we find that the linearized Ricci tensor (1)Rab and extrinsic curvature
(1)Kab are given by
(1)Rab = −1
2
D˚2hab and
(1)Kab =
1
2
h′ab , (2.11)
where D˚ is the derivative operator defined by the flat 3-metric q˚ab on the T3 spatial sections,
tailored to the co-moving coordinates ~x. Next, since g˚ab is flat, the 4-Ricci tensor Rab and the
extrinsic curvature Kab vanish in the background. Therefore, using (2.7) the linearized electric and
magnetic parts (1)Eab,
(1)Bab can be expressed in terms of the tensor modes hab as
(1)Eab =
(1)Rab +
1
4
˚hab (2.12)
(1)Bab = ˚(a
mnD˚|m|(1)Kb)n. (2.13)
Next, we note that the two radiative modes of the tensor perturbations can be extracted most
directly by performing a spatial Fourier transform
hab(η, ~x) =
1
Vo
2∑
s=1
∑
~k
h
(s)
~k
(η) e
(s)
ab (
~k) ei
~k·~x (2.14)
where Vo denotes the volume of the spatial T3 defined by q˚ab, (s) labels the two helicity states,
and e
(s)
ab are the polarization tensors satisfying
e
(s)
[ab](
~k) = 0; kae
(s)
ab (
~k) = 0; q˚abe
(s)
ab (
~k) = 0(
e
(s)
ab (
~k)
)?
= e
(s)
ab (−~k); e(s)ab (~k) e(s
′)
cd (−~k) q˚ca q˚db = δs,s′ . (2.15)
Here and in what follows ? denotes the complex conjugate. Thus the two tensor modes of gravita-
tional waves are captured in the gauge invariant functions h
(s)
~k
. Properties (2.15) ensure that the
gauge conditions (2.6) are satisfied and the dynamical equation (2.7) reduces to
(h
(s)
~k
)′′ + 2
a′
a
(h
(s)
~k
)′ + k2h(s)~k = 0 . (2.16)
6The phase space Γ of tensor perturbations can now be specified as follows (see, e.g., [16]).
Consider an abstract 3-manifold M which is topologically T3 and fix a fiducial, positive definite
flat metric q˚ab on it. The basic variables are the radiative modes h
(s)
ab and their conjugate momenta.
It is simplest to work in the momentum space and rescale h
(s)
~k
using κ = 8piG to obtain configuration
variables
φ
(s)
~k
:=
1√
4κ
h~k (2.17)
with physical dimensions of a scalar field (so that in section III we will be able to use creation and
annihilation operators with the standard normalization from the theory of scalar fields in FLRW
space-times [16]). The φ
(s)
~k
and their conjugate momenta pi
(s)
~k
satisfy the ‘reality conditions’(
φ
(s)
~k
)?
= φ
(s)
−~k and
(
pi
(s)
~k
)?
= pi
(s)
−~k , (2.18)
and the only non-vanishing Poisson brackets between them are
{φ(s)~k , pi
(s′)
~k′
} = Vo δ~k,−~k′ δs,s
′
(2.19)
where Vo is now the volume of M with respect to q˚ab. The Hamiltonian is time dependent, given
by
H(h, pi; η) =
1
2Vo
2∑
s=1
∑
~k
k2a2(η)|φ(s)~k |
2 + a(η)−2|pi(s)~k |
2 . (2.20)
It is easy to verify that the resulting equations of motion on Γ reproduce (2.16) in space-time. As
with any system with a time dependent Hamiltonian, it is appropriate to work with an extended
phase space ΓExt = Γ × R where the R direction is coordinatized by time η. Then each leaf Γη
of ΓExt carries the memory of the scale factor a(η), the Hamiltonian is simply a function on ΓExt
and dynamics is represented by a genuine flow on ΓExt [17].
Since we are interested in the Heisenberg uncertainties between various curvature quantities,
let us examine corresponding observables (i.e. functions) on ΓExt and their Poisson brackets. The
intrinsic and extrinsic curvature at any time η are completely captured in the observables
R
(s)
~k
(η) :=
∫
d3x (1)Rab(~x, η) e
(s)
ab (
~k) e−i~k·~x ≡ √κ k2 φ(s)~k (η) and (2.21)
K
(s)
~k
(η) :=
∫
d3x (1)Kab(~x, η) e
(s)
ab (
~k) e−i~k·~x ≡
√
κ
a2(η)
pi
(s)
~k
(η) (2.22)
and the only non-vanishing Poisson brackets between them are:
{R(s)~k , K
(s′)
~k′
} = κVo k
2
a2
δ~k,−~k′ δ
s,s′ (2.23)
To formulate a quantum generalization of the WCH, let us return to the electric and magnetic
parts, (1)Eab and
(1)Bab. The first obstruction to taking over the WCH directly to the quantum
regime comes from the fact that (1)Eab is not a phase space observable because it cannot be expressed
as a function on ΓExt: the second term on the right hand side of (2.12) involves second time-
derivatives hab(η, ~x). Therefore in the quantum generalization of the WCH, we will need to replace
(1)Eab with another field. On the other hand, it is clear from (2.13) that
(1)Bab is a phase space
observable. It is encoded in phase space functions
B
(s)
~k
(η) :=
∫
d3x (1)Bab(~x, η) e
(s)
m(a(
~k) b)
mn(~k) i kˇn e
−i~k·~x ≡
√
κ k
a2(η)
pi
(s)
~k
(η) . (2.24)
7(Note that while in (2.21) and (2.22) smearing of (1)Rab and
(1)Kab is done using proper tensor
fields, (1)Bab is smeared using pseudo tensor fields in (2.24) because
(1)Bab is itself a pseudo tensor.
Therefore likeR
(s)
~k
andK
(s)
~k
, the B
(s)
~k
are also proper observables with respect to spatial reflections.)
The B
(s)
~k
satisfy the same reality condition(
B
(s)
~k
)?
= B
(s)
−~k , (2.25)
as R
(s)
~k
; have the same physical dimensions as R
(s)
~k
; and can be regarded as being ‘canonically
conjugate’ to them since
{R(s)~k (η), B
(s′)
~k′
(η)} = κ
a2(η)
k3Vo δ~k,−~k′ δs,s′ . (2.26)
Finally, note that (1)Rab is gauge invariant and, as Eq (2.12) shows, it is the part of
(1)Eab that
does not refer to equations of motion. Tensor modes of cosmological perturbations vanish –i.e.
spatial homogeneity and isotropy is maintained to first order– if and only if all the phase space
observables (1)R
(s)
~k
and (1)B
(s)
~k
(or, equivalently, K
(s)
~k
) vanish. Therefore, it is natural to use (1)Rab
in place of (1)Eab in a formulation of the WCH on the canonical phase space, and hence in a
quantum generalization of the WCH. We will formulate our QHIH using expectation values and
uncertainties in these observables, evaluated in the Planck regime.
Since the two helicities are decoupled, for simplicity of notation from now on we will drop the
helicity index (s). Thus symbols R~k and B~k will refer to observables corresponding to either one
of the two helicities.
Remark : (1)Eab differs from
(1)Rab because of the term ˚hab (see Eq. (2.12)) and it is this
term with second time derivatives that prevents (1)Eab from being an observable on the extended
canonical phase space ΓExt. The situation in the linear theory simply mimics that in full general
relativity where Eab cannot be expressed as a function of phase space variables –or, of initial data
(qab,Kab) alone– because of the presence of the 4-dimensional Ricci tensor in (2.9). Similarly, the
fact that (1)Bab can be expressed as a function on ΓExt simply mimics the fact that in full general
relativity Bab is determined by the initial data (see Eq. (2.10)).
When the linearized EOM are satisfied, the term hab can be replaced by 2(a′/a)h′ab (see
Eq. (2.16)). Therefore, one can imagine constructing phase space functions using (1)Rab +
2
√
4κ(a′/a3)piab in place of (1)Eab. But on the phase space, physical or geometrical significance
of these functions would be unclear. Furthermore, it is easy to verify that the Poisson brackets
between these phase space functions and B
(s)
~k
are the same as those between R
(s)
~k
and B
(s)
~k
. There-
fore in considerations involving uncertainty, it is best to avoid an ad hoc use of field equations and
just use (1)Rab in place of
(1)Eab.
B. The Planck regime
To obtain a quantum generalization of the WCH, we need to work not with the big bang
singularity of classical GR, but with the Planck regime of a suitable quantum gravity theory. As
explained in section I, the LQC bounce provides motivation for certain aspects of our proposal.
Therefore, we will now sketch the principal features of this paradigm. Our proposal does not
depend on the specific numbers that will feature in this summary. They are only meant to provide
orders of magnitude to bring out the fact that there should be no difficulty in implementing the
proposal in detail within specific scenarios of the early universe. (Indeed, it was implemented in
the inflationary paradigm in [14].)
8In LQC, a large number of cosmological models have been analyzed in detail [6–8]. In all
cases, strong curvature singularities are naturally resolved. The mechanism can be traced back
to the specific quantum Riemannian geometry that underlies Loop Quantum Gravity (LQG) (for
summaries see, e.g., [9–11]). In LQG, the basic operators that generate the Heisenberg algebra
are not the 3-metric and its conjugate momentum as in geometrodynamics, but holonomies hˆγ
of the gravitational spin-connection along curves γ and fluxes FˆS of orthonormal triads across
2-surfaces.1 Geometric operators such as areas of 2-surfaces are defined using triad fluxes FˆS .
Riemannian geometry is quantized in the precise sense that all eigenvalues of geometric operators
are discrete. In particular, there is a lowest non-zero eigenvalue of the area operator, denoted
∆ (in Planck units) [18–20]. It is called the area gap and plays an important role in the Planck
regime. In standard Riemannian geometry, curvature of the spin-connection can be expressed as
the limit of the ratio hγ/areaγ of the holonomy around a closed loop γ and the area enclosed by the
loop, as the area tends to zero. In LQC, the analogous procedure has to respect the fundamental
discreteness of the underlying quantum geometry. Hence the curvature operator is realized as
the holonomy around the loop when the area it encloses shrinks to the area gap, ∆. As a result,
∆ plays an important role in the dynamics generated by the quantum Hamiltonian constraint.
Specifically, in cosmological models, quantum geometry corrections create an effective ‘repulsive
force’ whose origin can be traced to ∆. During most of the history of the universe, this force
is completely negligible. However, it grows very rapidly in the Planck regime, overwhelms the
classical gravitational attraction and causes the universe to bounce, even when all matter fields
satisfy the dominant energy conditions.
For the purpose of this paper, it suffices to restrict ourselves to the spatially flat, Λ = 0 quantum
FLRW geometries [21–23] (although incorporation of spatial curvature [24, 25] and a non-zero
cosmological constant [26, 27] would be completely analogous). For concreteness, suppose the only
matter is a scalar field φ. Then, there is a well-defined physical Hilbert space Hphy consisting
of wave functions Ψo(v, φ) satisfying the quantum Hamiltonian constraint where v denotes the
volume of the spatial hypersurfaces T3. The scalar field φ is generally used as a relational time
variable. A complete set of Dirac observables is provided by the true Hamiltonian generating
evolution with respect to φ, and the operators Vˆ |φ that measure the spatial volume at time φ (or,
the matter density operators ρˆ|φ). One can show that the universe bounces in the sense that, for
every physical state, the expectation values of the volume operators Vˆ |φ have a non-zero minimum
and those of the energy density operators ρˆ|φ have a finite upper bound. Furthermore, the energy
density operator has an absolute upper bound ρsup on the entire Hphy, given by
ρsup =
18pi
G2~∆3
≈ 0.41 ρPl (2.27)
Note that in the limit in which the area gap ∆ goes to zero –i.e. in the limit in which one ignores
quantum geometry effects– we obtain the classical GR result that the energy density has no upper
bound and can diverge, giving rise to a strong curvature singularity.
If one asks that the physical state Ψo be sharply peaked around a classical trajectory at late
times, one finds that they remain sharply peaked on an effective trajectory even in the Planck
regime. However, this trajectory undergoes a bounce because the ‘repulsive force’ dominates in
the Planck regime. We will restrict ourselves to such states because we know that the universe
is extremely well described by GR at late times. For these Ψo the space-time metric gab defined
by the effective trajectory is smooth everywhere. But of course it deviates very significantly from
the GR trajectory in the Planck regime. At the bounce, the matter density attains its supremum
1 There is a precise sense in which FˆS are also the analogs of the fluxes of Yang-Mills electric field across surfaces S.
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FIG. 1: Evolution of the matter density in the inflationary scenario, in a vicinity of the LQC bounce. x-axis
shows proper time in Planck seconds and the y-axis shows matter density in units of Planck density. We
use a logarithmic scale on the y-axis because the density falls by 4 orders of magnitude in ∼ 11.52 Planck
seconds. (These simulations use initial conditions that are selected by a principle discussed in [14].)
Left panel: The Starobinsky potential, where the mass parameter is fixed using PLANCK data.
Right panel: The quadratic potential, where the mass parameter is fixed using PLANCK data.
ρsup ≈ 0.41 ρPl and the scalar curvature reaches its maximum value, Rsup ≈ 62 l−2Pl . This is just as
one might expect; quantities that diverge at the big bang in GR remain finite and attain Planck
scale values at the bounce. However, the situation is very different for the Hubble rate: While it
too diverges at the big bang in GR, it vanishes at the bounce (as it must because the universe
is in a contracting phase before the bounce and in an expanding phase after the bounce). Thus,
the quantum corrections to Einstein’s equations in the Planck regime are quite subtle, whence the
quantum dynamics in the Planck regime has features that could not have been a priori anticipated.
One of these features plays an important role in the quantum generalization of the WCH: It
enables us to characterize what we will mean by the Planck regime. Once the matter density (or
curvature) falls below 10−4 ρPl the quantum corrections to Einstein’s equations become negligible
and general relativity becomes an excellent approximation for the finitely many degrees of freedom
captured by the mini-superspace. For example, even though the quantum corrected dynamical
trajectory is still different from the GR trajectory, the GR trajectory is now within the half-width
of the sharply peaked quantum state Ψo. Therefore, by Planck regime we will mean the portion
of quantum corrected space-time in which the matter density (or curvature) is greater than 10−4
in Planck units. How long does this phase last, as measured by proper time of effective metric
gab that captures the leading quantum corrections? Fig. 1 illustrates that the duration of this
phase can be astonishingly short. The plots show the evolution of matter density as a function of
proper time defined by the effective metric gab around the LQC bounce for the Starobinsky and
quadratic potentials in the inflationary scenario. In both cases, the density (and curvature) drops
by 4 orders of magnitude within less than ∼ 12 Planck seconds. By contrast, the onset of the slow
roll inflation (characterized by the time at which the pivot mode exists the Hubble radius) occurs
some 106 − 107 Planck seconds later and inflation itself also lasts about 106 − 107 Planck seconds.
While the precise duration is irrelevant to the statement of our QHIH, the fact that it is so short
simplifies the task of actually extracting the small ball B of states it selects in concrete examples
(such as the ones discussed in [14]).
We will conclude this discussion by noting a conceptually important point about cosmological
perturbations in the Planck regime. Recall from section I that the system under consideration con-
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sists of FLRW backgrounds together with first order cosmological perturbations thereon. Therefore,
we are led to consider states Ψo⊗ψ where Ψo denotes, as before, the state of the quantum FLRW
geometry, and ψ, the state of a quantum field hˆab representing a cosmological perturbation on Ψo.
At first, it seems very difficult to study the dynamics of hˆab on the quantum space-time Ψo. How-
ever, there is an unforeseen simplification [16, 28, 29]: So long as back-reaction of perturbations
hˆab on the quantum FLRW geometry Ψo can be neglected, the evolution of hˆab on Ψo is completely
equivalent to its evolution on a quantum corrected, smooth FLRW metric g˜ab which is systemat-
ically constructed from Ψo in a specific way.
2 Thus, all the quantum fluctuations in Ψo to which
the evolution of hˆab is sensitive are distilled in g˜ab. As one would expect, g˜ab is a FLRW metric
–but with coefficients that depend on ~. It captures more information about the quantum state Ψo
than the effective metric gab defined by the dynamical trajectory on which Ψo is peaked. However,
for sharply peaked states Ψo, g˜ab is practically indistinguishable from gab [30]. The FLRW metric
g˜ab is referred to as the dressed effective metric; it is ‘dressed’ by the fluctuations in Ψo to which
the dynamics of perturbations is sensitive.
In what follows we will use the term ‘quantum FLRW geometry’ to refer either to Ψo or the
dressed effective metric g˜ab extracted from it. The formulation of the quantum generalization of
WCH is significantly simplified by the interplay between Ψo and g˜ab since we can focus only on
cosmological perturbations on the background metric g˜ab.
Remark: There is, of course, a small ambiguity in the characterization of the ‘Planck regime’.
It will trickle down to the ball B selected by the generalized WCH in concrete models of the early
universe. Should we be concerned by this ‘fuzziness’? If the goal were to single out ‘the’ state
that describes the universe in complete detail, one would want a sharp statement without such
fuzziness. But recall that in cosmology one is interested in describing only the large scale structure
of the universe. Thus, the states we select are not meant to capture all the details of space-time
geometry, but only the large scale structure resulting from appropriate coarse graining. Given
that there are inherent ambiguities in coarse graining, we believe that it is appropriate to have a
degree of fuzziness in the statement of the generalized WCH. In particular, if one were to change
the precise meaning of the Planck regime somewhat, the states in the new ball B will still continue
to be very special; they will continue to embody the spirit of the original WCH hypothesis of
Penrose’s.
III. GENERALIZED WEYL CURVATURE HYPOTHESIS
The system under consideration consists of quantum fields representing first order perturbations,
propagating on a quantum FLRW background Ψo. We wish to constrain the states Ψo ⊗ ψ in
the Hilbert space of this combined system via a suitable generalization of the WCH. States Ψo of
the background quantum geometry refers to the FLRW mini-superspace on which the Weyl tensor
vanishes identically. Therefore the generalized WCH will restrict only states ψ of perturbations.
In this section we will first analyze tensor modes and use the final results to arrive at a statement
of the QHIH for scalar modes.
In the present setting, the original WCH would require that the perturbed Weyl tensor of these
tensor modes should vanish at the big bang. As explained in section I, we wish to replace the big
2 That the back-reaction can be neglected is a non-trivial assumption. In practice one makes the assumption,
selects states Ψo ⊗ ψ using some principle, calculates g˜ab using Ψo, evolves the quantum perturbation hˆab on the
background metric g˜ab and, in the end verifies that the initial assumption on back reaction is satisfied in this
solution. This self consistency check was performed in the initial LQC simulations [12].
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bang by the Planck regime of the quantum FLRW geometry g˜ab and the Weyl tensor by suitable
operators. The phase space structure discussed in section II A leads us to replace the classical
Weyl tensor by phase space observables R~k and B~k. The vanishing of these observables for all
~k is
necessary and sufficient for tensor perturbations to vanish, i.e., to ensure homogeneity and isotropy
to first order, beyond the background geometry. But the Poisson brackets (2.26) imply that the
corresponding operators satisfy the following ‘canonical commutation relations’ (CCR):
[Rˆ~k , Bˆ~k′ ] = i~
κ
a2
k3V0 δ~k,−~k′ . (3.1)
Since the right side is a non-zero constant, there is no state in the Hilbert space of tensor modes
which is annihilated by either of these operators. Thus, because quantum fluctuations cannot be
removed even in principle, the notion of quantum homogeneity and isotropy (QHI) is more subtle
than that in the classical theory.
The central idea is to restrict the Heisenberg state of tensor modes by demanding that, in the
Planck regime
(i) the expectation values of both Rˆ~k and Bˆ~k should vanish for all
~k;
(ii) the product of uncertainties be minimum; and,
(iii) the uncertainties be equally divided between them.
(It is meaningful to impose the last condition because the two curvature operators have the same
physical dimensions.) We will find that we will have to sharpen the three conditions appropriately
to implement this idea.
We will impose these conditions in two steps. In the first, carried out on section III A, we imple-
ment the ideas in the simpler setting of flat space-time using the framework developed in section
II A. Because there is no Plank regime in flat space-time, this discussion should be thought of only
as a mathematical step, but one that is technically important in order to streamline calculations.
(It also highlights the fact that the Fock vacuum is uniquely selected by conditions (i) - (iii).) In the
second step, carried out in section III B, we use the flat space-time results together with the notion
of the Planck regime introduced in section II B to formulate the desired quantum generalization
of the WCH. We will find that the dynamical nature of the FLRW background geometry makes it
necessary to introduce additional new elements in the passage from the WCH to the final QHIH.
A. Quantum theory: Flat background
In this subsection we will carry out the first of the two steps mentioned above using the space-
time metric g˚ab of section II A. This mathematical detour will bring out an interesting fact about
linearized gravitational waves in flat space-time: the quantum vacuum state can be mathemati-
cally characterized using Heisenberg uncertainties between gauge invariant curvature observables,
without direct reference to Poincare´ invariance or positivity of energy.
Because we are restricting ourselves to flat space-time, the scale factor is now time independent
(a(η) = 1), tensor modes satisfy φ′′~k + k
2φ~k = 0, and, the Hamiltonian does not have any explicit
time dependence. Therefore we can work just with the Phase space Γ in place of the extended phase
space ΓExt. The right side of the Poisson brackets between R~k and B~k is also time independent
now and hence we have the commutation relations
[Rˆ~k , Bˆ~k′ ] = i (~κ) (k
3V0) δ~k,−~k′ . (3.2)
Unfortunately we cannot directly use these CCR directly in our considerations of uncertainty
relation because neither of these curvature operators is self-adjoint: Rˆ†~k = Rˆ−~k and Bˆ
†
~k
= Bˆ−~k. Let
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us therefore make a small detour to introduce self-adjoint linear combinations of the field operators
φˆ~k and their momenta pˆi~k:
Qˆ1 =
a
√
k√
2~V0
(
φˆ~k + φˆ−~k
)
and Pˆ1 =
1
a
√
2k~V0
(
pˆi~k + pˆi−~k
)
Qˆ2 =
a
√
k
i
√
2~V0
(
φˆ~k − φˆ−~k
)
and Pˆ2 =
1
ia
√
2k~V0
(
pˆi~k − pˆi−~k
)
, (3.3)
where we have retained the scale factor a although it equals 1 in flat space because these expressions
will be used also in the next subsection where we consider general FLRW space-times.3 In (3.3)
we have chosen numerical factors to make the QˆI and PˆI (with I = 1, 2) dimensionless so that the
commutation relations between them are just
[QˆI , PˆJ ] = i δI,J with I, J = 1, 2 . (3.4)
As noted in Eqs (2.21) and (2.24), the gauge invariant curvature operators can be expressed in
terms of φˆ~k and pˆi~k as:
Rˆ~k =
√
κ k2 φˆ~k and Bˆ~k =
√
κ k
a2
pi~k, . (3.5)
Hence the Rˆ~k , Bˆ~k, can be expressed as complex linear combinations of observables QˆI , PˆI :
Rˆ~k =
((κ~)(k3V0)
2a2
) 1
2
(
Qˆ1 + iQˆ2
)
and Bˆ~k =
((κ~)(k3V0)
2a2
) 1
2
(
Pˆ1 + iPˆ2
)
. (3.6)
Thus, we can easily go back and forth between the observables QˆI , PˆI and curvature operators
Rˆ~k , Bˆ~k of direct interest. After this detour, we will now set the scale factor a once again equal to
1 in this sub-section.
Since QˆI and PˆI are self-adjoint, they are well suited to discuss uncertainty relations. Using
commutation relations (3.4) and the standard textbook argument we conclude that they satisfy
the uncertainty relations
(∆QˆI)(∆PˆJ) ≥ 1
2
δI,J . (3.7)
We now wish to search for a state |ψ〉 in the Fock space in which the expectation values of all four
observables vanish:
〈QˆI〉 = 0 and 〈PˆI〉 = 0 , (3.8)
the uncertainties are minimized, and shared equally between QˆI and PˆI . Eq. (3.8) implies that
expectation values of the two curvature operators vanish and enable us to combine the last two
conditions in a convenient form: they are now satisfied if and only if
〈ψ|QˆI2 + PˆI2|ψ〉 = 1, I = 1, 2 (3.9)
or, equivalently, if and only if the curvature operators satisfy
〈ψ|(Rˆ~kRˆ†~k + Bˆ~kBˆ†~k)|ψ〉 = (~κ) (k3Vo) . (3.10)
3 That discussion will clarify the reason behind the specific way the scale factor enters in (3.3).
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The question is: Are there any states |ψ〉 in the Fock space of gravitons that satisfy these two
conditions at a given instant η = η0 of time and, if so, how many?
In the standard Fock space, the field operators are represented by
φˆ~k(η) =
(
aˆ~k
e−ikη√
2k
+ aˆ†−~k
eikη√
2k
)
,
pˆi~k(η) = i
(
− aˆ~k
√
k
2
e−ikη + aˆ†−~k
√
k
2
eikη
)
, (3.11)
where the creation and annihilation operators are time independent and satisfy
[aˆ~k, aˆ
†
~k′
] = ~V0 δ~k,~k′ . (3.12)
Therefore it is now straightforward to work out the consequences of the two conditions (3.8) and
(3.9). They imply that the state |ψ〉 must satisfy
〈ψ|[1 + Nˆ~k + Nˆ−~k]|ψ〉 = 1 for all ~k , (3.13)
where Nˆ~k is the number operator associated with the mode
~k. The number operators have a
non-negative spectrum and their expectation value vanishes only in the Fock vacuum. Therefore
the only state in the Fock space that satisfies our requirement that the homogeneity and isotropy
be preserved also by the first order perturbations at a given time η0 singles out the Fock vacuum
uniquely.
Note that the application of the QHIH at just one instant of time η = η0 has several interesting
consequences that could not have been foreseen immediately: (i) the requirement is automatically
satisfied at all instants of time η; (ii) it suffices to select a unique state in the Full Fock space; (iii)
although the condition makes no reference to isometries of the metric g˚ab, the state is invariant
under the induced action of all isometries; and (iv) is the ground state of the Hamiltonian
generating the time translation of g˚ab.
Remark: We can rewrite Eqs. (3.8) and (3.9) that encapsulate QHI in terms of the observables
φ~k and pi~k corresponding the scalar field and its conjugate momentum as:
〈ψ|φˆ~k(η0)|ψ〉 = 0 and 〈ψ|pˆi~k(η0)|ψ〉 = 0 (3.14)
and
〈ψ|(k φˆ~kφˆ†~k + 1k pˆi~kpˆi†~k)(η0)|ψ〉 = ~ Vo . (3.15)
Therefore, if we were interested in scalar rather than tensor perturbations in flat space, we can use
Eqs. (3.14) and (3.15) to impose the QHI requirement (The multiplicative factors involving k arise
directly from (3.9), as they must must because of the difference in the physical dimensions of φˆ~k
and pˆi~k.) Again, these conditions select a unique state ψ which is just the vacuum state on the Fock
space of scalar perturbations. Thus, a natural extension of the WCH from tensor perturbations
leads to QHI conditions also for scalar perturbations.
B. Quantum theory: The Planck regime
Let us return to the physical system of interest: quantum perturbations propagating on a
quantum FLRW background geometry defined by the dressed effective metric g˜ab. Again, we will
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first analyze tensor modes and use those results to arrive at a QHIH for scalar modes. In the
first part III B 1 of this subsection we will fix a time η0 in the Planck regime of g˜ab discussed
in section II B and ask the Heisenberg state to satisfy the three conditions that encapsulate the
QHI requirement. While the mathematical steps used above in flat space will continue to play
a key role, two new elements will arise because now the space-time metric is g˜ab, which is time
dependent. First, unlike in section III A, we do not have a canonical Fock representation of the
observable algebra; there is freedom to perform the Bogoliubov transformations. Therefore, the
setting in section III B 1 will be more general than that in section III A. Second, since the right side
of (3.1) is now time dependent, the right hand side of the necessary generalization of (3.15) will
also carry time dependence. Therefore, the state selected by the new conditions at a given time η0
in the Planck regime will not satisfy that condition at another time in this regime. Consequently,
we will find in section III B 2 that the QHIH now selects a preferred ball in the space of states,
rather a unique state. Any state in the ball will be ‘as homogeneous and isotropic as allowed by
the Heisenberg uncertainties and quantum dynamics in the Planck regime’.
1. Imposing the QHIH at a given time η0
Since we no longer have a canonical Fock representation, we need to specify the initial class of
candidate states on which to impose the QHI requirements. Recall that in FLRW space-times one
constructs a representation of the CCR by choosing a ‘complete positive frequency basis’ qk(η)e
i~k·~x
in the space of solutions to the Klein Gordon equation, normalized via(
qkq
′?
k − q?kq′k
)
(η) =
i
a2(η)
, (3.16)
and represent φˆ~k, pˆi~k in terms of the creation and annihilation operators, associated with these
basis functions:
φˆ~k(η) = qk(η) aˆ~k + q
?
k(η) aˆ
†
−~k and pˆi~k(η) = a
2(η)
(
q′k(η) aˆ~k + (q
′
k)
?(η) aˆ†−~k
)
. (3.17)
We will restrict ourselves to states that belong to one of these infinitely many Fock representations.
These states are sometime referred to as quasi-free states [15].
Now, given any real function µ(k), and a set {qk(η)} of permissible basis functions, {eiµ(k)qk(η)}
is also a set of permissible basis functions. Furthermore, it defines the same Fock representation
of the CCR because the state |0〉 is annihilated by aˆ~k if and only if it is annihilated by eiµ(k) aˆ~k.
The invariant structure that characterizes any one Fock representation is a complex structure J on
the classical phase space that is compatible with the natural symplectic structure Ω thereon [31].4
In the FLRW space-times now under consideration, the bases {qk} and {eiµ(k)qk} define the same
complex structure. We will make use of this fact in what follows.
To impose the QHI requirement, let us begin with the CCR (3.1). Again, we cannot use these
CCR directly to analyze consequences of the uncertainty principle because the operators Rˆ~k, Bˆ~k
are not self-adjoint. Therefore, as in section III A we are led to define self-adjoint operators QˆI , PˆI
4 The complex structure J enables one to decompose any real solution φ to the linear field equations into a positive
and a negative frequency part via φ± = (1/2)(φ∓ iJφ). The compatibility condition is that the second rank tensor
g defined by g(., .) = Ω(., J.) is a positive definite metric on the phase space, i.e., that the triplet (ω, J, g) endows
the phase space with the structure of a Ka¨hler space. This characterization of a Fock representation holds for any
boson field on general, globally hyperbolic curved space-time, not just FLRW cosmologies.
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of Eq. (3.3). Again, we seek states |ψ〉 in which the expectation values of QˆI and PˆI vanish (Eq
(3.8)) and the uncertainties satisfy(
∆QˆI
)(
∆PˆI
)
=
1
2
and ∆QˆI = ∆PˆI . (3.18)
at a given instant of time η = η0. The differences from section III A are that these conditions are
imposed on the class of all quasi-free states, rather than those belonging a specific Fock represen-
tation, and the slice η = η0 is now assumed to be in the Planck regime. We note that conditions
(3.8) and (3.18) are equivalent to assuming that the expectation values of the curvature operators
are zero:
〈Rˆ~k(ηo)〉 = 0 and 〈Bˆ~k(ηo)〉 = 0 , (3.19)
and their dispersions are minimal and equally distributed:
|∆Rˆ~k|(η0) |∆Bˆ~k|(η0) =
(κ~)(k3V0)
a2(η0)
and |∆Rˆ~k|(η0) = |∆Bˆ~k|(η0) (3.20)
where the dispersions are given by
|∆Rˆ~k|2 = 〈ψ|Rˆ~kRˆ†~k|ψ〉 and |∆Bˆ~k|
2 = 〈ψ|Bˆ~kBˆ†~k|ψ〉 (3.21)
(since 〈Rˆk(ηo)〉 = 0 and 〈Bˆk(ηo)〉 = 0). These are precisely the conditions of our QHIH. The specific
placement of the scale factor a in the definition (3.3) of QˆI and PˆI is necessary and sufficient to
ensure that the desired conditions (3.20) on curvature operators results from the conditions (3.8)
and (3.18) on the self-adjoint operators QˆI , PˆI .
Thus, to formulate the QHIH, we can work with the self-adjoint operators QˆI and PˆI . The
standard treatments of the uncertainty principle imply that condition (3.18) restricts |ψ〉 to be
a coherent state (in the Hilbert space H1 ⊗ H2 corresponding to QˆI , PˆI ). Condition (3.8) then
restricts |ψ〉 to be the unique coherent state peaked at 〈QˆI〉 = 0 and 〈PˆI〉=0. That is, the two
conditions together imply that (
QˆI + iPˆI
)|ψ〉 = 0, I = 1, 2. (3.22)
It is straightforward to translate this requirement in terms of φˆ~k and pˆi~k : the state |ψ〉 must satisfy
(√
ka φˆ±~k + i
1
a
√
k
pˆi±~k
)
|ψ〉 = 0 . (3.23)
Recall that, because of the freedom to perform Bogoliubov transformations, we have infinitely
many Fock representations of the CCR, each characterized by a (permissible) complex structure J .
Thus, to begin with |ψ〉 can be a state in any of these Fock spaces FJ . To explore the restriction
imposed by (3.23), let us rewrite this condition using creation and annihilation operators that
feature in the representation (3.17) of φˆ~k and pˆi~k on the Fock space FJ , selected by some basis
functions qk(η). It turns out that the expression in terms of creation and annihilation operators is
particularly transparent for one specific complex structure J . As one could have anticipated from
our discussion of section III A, this J is associated the basis functions qk(η) with initial data
qk(η0) =
e−ikη0√
2k a(η0)
and q′k(η0) = −i
√
k√
2
e−ikη0
a(η0)
. (3.24)
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at time η0 (or, more generally, by the basis functions e
iµ(k) qk(η) for some real functions µ(k)).
Simple algebra shows that in this representation, conditions (3.23) on |ψ〉 are equivalent to requiring
simply
aˆ±~k |ψ〉 = 0 . (3.25)
Thus, through an inspired guess, we have obtained the Heisenberg state |ψ〉 that satisfies QHI at
time η = ηo: It is the vacuum state |0J〉 in the Fock representation of the canonical algebra that
is selected by the complex structure J , picked out by the basis functions (3.24).
What would happen if were to we begin with another complex structure J˜ selected by an in-
equivalent set of basis functions q˜k(η)? Suppose that the tilde representation is unitarily equivalent
to the one selected by J , i.e., there exists a unitary operator U : FJ → FJ˜ such that the ‘concrete’
operators representing φˆk and pˆik via (3.17) on the Fock space FJ are mapped to the corresponding
‘concrete’ operators representing them in the tilde representation.5 Then the solution to (3.23) is
the unique state |ψJ˜〉 in FJ˜ which is the image of the vacuum state in the untilde representation:
|ψJ˜〉 = U |0J〉. As is well-known this is a squeezed vacuum in FJ˜ . If the tilde representation is not
unitarily equivalent to the one determined by J , then there is no state in FJ˜ that will satisfy Eq
(3.23), i.e., meet the QHI requirement (3.20).
To summarize, up to unitary equivalence, the imposition of QHIH conditions (3.8) and (3.18)
at a time η0 in the Planck regime selects a unique quasi-free state on the canonical algebra of
operators φˆ~k, pˆi~k, or, equivalently, Rˆ~k, Bˆ~k. This is the vacuum state |0〉 in the Fock representation
selected by the basis functions (3.24).
Remarks:
1. Although we did not explicitly impose any symmetry requirements on |ψ〉, our final result
implies that it is automatically invariant under the induced action of spatial symmetries of the
FLRW metric g˜ab. This follows from considerations of the 2-point function [16]. In the vacuum
state of the Fock representation selected by any basis functions q~k(η), it has the form
〈0|φˆ(~x, η) φˆ(~x′, η′)|0〉 = ~
V0
∑
~k
(
qk(η) q
?
k(η
′)
)
ei
~k·~x . (3.26)
Since the right side is manifestly invariant under the action of spatial isometries of g˜ab, and since the
2-point function suffices to characterize the vacuum, this implies the invariance of all these vacua
|0〉. We will denote the collection of all these vacua by C and refer to them as weakly homogeneous
and isotropic states. Because our |ψ〉 is one such vacuum state, it follows immediately that it
belongs to the collection C.
2. The above remark makes it clear that there are infinitely many (unitarily inequivalent)
states that are weakly homogeneous and isotropic, one for each choice of permissible complex
structure J . The QHIH conditions (3.8) and (3.18) (or, equivalently, (3.20)) are much stronger:
they select a unique state |ψ〉 (up to unitary equivalence). In particular, the vacuum state in the
Fock representation determined by basis functions which determine a different complex structure
J than the one selected by the qk(η) of Eq. (3.24) do not satisfy the QHIH at time η0.
3. Results we just obtained in section III B imply that even in flat space-time of section III A we
need not have started with the standard Fock representation. We could have begun with general
quasi-free states and arrived at the standard Fock vacuum through the QHI requirement.
5 This is the case if (J−J˜) is Hilbert Schmidt on the 1-particle subspace of FJ [32], or, equivalently if the Bogoliubov
transformation relating the two bases, q˜k(η) = αqk(η) + βq
?
k(η), is such that
∑
k |β|2 <∞.
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4. However, there is a key difference between the situation in flat space-time and the general
FLRW space-times that we now consider. Although we began our analysis with a fixed time ηo also
in flat space-time, as we saw in section III A, the resulting state is not only unique but the same
for all choices of η0. As explained below, this is no longer the case in a general FLRW space-time.
2. Imposing the QHIH in the full Planck regime
Recall from section II A that by Planck regime we mean the portion of the quantum space-time
in which the matter density (or curvature) is greater than 10−4 in Planck units. Let us foliate
this portion of space-time by cosmic slices and suppose that the conformal time η corresponding
to these slices lies in a closed interval I. Let us choose a time η0 ∈ I and denote the Heisenberg
state satisfying the QHIH at this time by |0η0〉. In this state the expectation values of Rˆk and Bˆk
vanish and
〈0η0 |
(
Rˆ~kRˆ
†
~k
+ Bˆ~kBˆ
†
~k
)
(η0)| 0η0〉 =
(κ~) (k3V0)
a2(η0)
. (3.27)
The right hand side represents the minimum that the expectation value can achieve in any quasi-
free state. Hence, at a different time η ∈ I we will generically find
〈0η0 |
(
Rˆ~kRˆ
†
~k
+ Bˆ~kBˆ
†
~k
)
(η) |0η0〉 >
(κ~) (k3Vo)
a2(η)
. (3.28)
Since the expectation values of Rˆk and Bˆk will continue to vanish also at time η, the left side
of (3.28) continues to be a faithful measure of uncertainties, whence (3.28) captures the fact that
in general uncertainties in curvature operators will grow. Therefore there is no state which will
minimize the uncertainties for all times in the full Planck regime. Is there a more appropriate
measure of minimum uncertainties associated with the full Planck regime that we can use? To
analyze this issue, first note that we can monitor how uncertainties change in time in the Planck
regime. Given any two times η1, η2 in the Interval I, consider the quantity
σ2k(η1, η2) := 〈0η1 |
(
Rˆ~kRˆ
†
~k
+ Bˆ~kBˆ
†
~k
)
(η2) |0η1〉 . (3.29)
Since the interval I is compact and a(η) is bounded away from zero, σ2k(η1, η2) is bounded above
as we vary η1, η2 in the interval I. Let us set
s2k := sup
η1,η2∈I
σ2k (η1 , η2) . (3.30)
This quantity provides us a definite measure of minimum dispersions we must allow if we wish to
characterize states that are preferred by uncertainty considerations in the full Planck regime, i.e.
the full interval I.
These considerations suggest the following strategy. Let us start with the collection C of all
weakly homogeneous and isotropic states. Up to unitary equivalence, each of these states is a
vacuum |0J〉 for some choice of permissible complex structure J and hence satisfies
〈0J |Rˆk(η)|0J〉 = 0 and 〈0J |Bˆk(η)|0J〉 = 0, ∀η . (3.31)
However, dispersions in the curvature operators can be arbitrarily large at any given time η ∈ I
in the Planck regime. Thus a generic weakly homogeneous and isotropic state will not come even
close to satisfying the desired quantum homogeneity and isotropy. However, since there is a subset
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of C consisting of states |0η〉 which minimize the dispersion at the given time η ∈ I, at first it
seems natural to restrict oneself to just this subset. However, given any one |0η〉, the dispersions
are bounded only by s2k at other times. Therefore, as far as the full Planck regime is concerned,
this 1-parameter family is on the same footing as any other weakly homogeneous and isotropic
state that satisfies
〈0J |
(
Rˆ~kRˆ
†
~k
+ Bˆ~kBˆ
†
~k
)
(η) |0J〉 ≤ s2k, ∀η ∈ I . (3.32)
Therefore we are led to consider the ball B in the space C of weakly homogeneous and isotropic states
|0J〉 satisfying (3.32). The entire set C is much too large for QHI, while the one parameter family
|0η〉 (with η ∈ I) is too small. The ball B lies between the two and captures all weakly homogeneous
and isotropic states that ‘come as close to satisfying QHI requirement as the Heisenberg uncertainty
principle and quantum dynamics allow in the full Planck regime’. For tensor perturbations then,
our statement of the QHIH is simply that the Heisenberg state should belong to this ball B.
Let us summarize our discussion of tensor modes. In the full classical theory, Penrose’s WCH
restricts the initial state by requiring that the Weyl tensor should vanish at the big bang. For the
current paradigms of the early universe, we need to extend the underlying idea to select initial
conditions for quantum fields representing tensor perturbations, replacing the big bang by the
Planck regime. Therefore, we propose that the WCH be replaced by the QHIH:
In the Heisenberg picture, only those quasi-free Heisenberg states of tensor perturba-
tions should be allowed which are
(i) weakly homogeneous and isotropic, i.e., left invariant by the induced action of the
FLRW spatial isometries; and,
(ii) in which the dispersions in these curvature operators are as small and as equally
distributed as possible in the Planck regime.
Note that (i) implies, in particular, that condition (3.31) is satisfied. The precise
restriction on quasi-free states imposed by (iii) is given in Eq. (3.32).
Finally, let us consider scalar perturbations. As remarked at the end of section III A, since the
operators Rˆ~k, Bˆ~k can be expressed in terms of the ‘metric perturbations’ φˆ~k, pˆi~k, we can readily
carry over these considerations to scalar perturbations. As explained in [12, 16], the gauge invariant
Mukhanov-Sasaki scalar perturbations are well defined also during pre-inflationary dynamics.6
Therefore let us work with these variables. Since they have the physical dimensions of a scalar
field, for simplicity of notation, let us denote them just by φˆ~k, pˆi~k. Using Eq. (3.15), we define the
ball B as follows: It consists of the those weakly homogeneous and isotropic states |0J〉 in the Fock
representations of the CCR which satisfy
〈0J |
(
kφˆ~kφˆ
†
~k
+
1
k
pˆi~kpˆi
†
~k
)
(η) |0J〉 ≤ s′2k ∀η ∈ I (3.33)
where s′2k refers to the supremum as in (3.30), but now obtained using the Mukhanov-Sasaki fields
and their conjugate momenta. Then,
The QHIH for scalar modes is the same as that for tensor modes except that (3.32) is
now replaced by (3.33).
6 Curvature perturbations are also gauge invariant and particularly convenient during inflation because their Fourier
modes freeze after the mode exists the Hubble horizon. However, they are related to the Mukhanov-Sasaki variables
by a factor involving the inverse of the background inflaton field and hence they diverge as the inflaton turns around
in the pre-inflationary phase.
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Remarks:
1. The set {|0η〉} is distinguished by the fact that in the state |0η〉 the dispersions in the curvature
operators are minimum possible at time η. Furthermore the Fock representations these vacua |0η〉
define are unitarily equivalent (i.e. the Bogoliubov coefficients that relate these mode functions
satisfy
∑
k |βk|2 <∞). However, the ultraviolet behavior of these states is not sufficiently regular
for the expectation value of the stress-energy tensor operator to be well-defined [33]. The ball
B on the other hand does contain states which satisfy ultraviolet regularity to 4th (or higher)
adiabatic order, ensuring that the expectation value of the renormalized stress-energy tensor is
well-defined at all times. We were led to enlarge the set of states of interest from {|0η〉} to B by
the fact that, for considerations of dispersions in the full Planck regime, states in the full ball B are
on the same footing as those in the set {|0η〉}. Regularity considerations bring out another facet
of the necessity of enlargement. Indeed, if we were to add physical considerations beyond those
motivated by the WCH, a natural criterion would be to demand adiabatic regularity to at least
order 4 [12, 16]. If this is done, the ball B would shrink. But the smaller (ultraviolet regular) ball
still allows interesting Heisenberg states. For example, in the context of inflation with a quadratic
or Starobinksy potential, the ball would contain the Bunch-Davies vacuum selected a few e-folds
before the pivot mode exits the Hubble horizon, as well as the so-called ANA-vacuum [34], selected
by stress-energy considerations near the bounce [14].
2. Consider the set of all weakly homogeneous and isotropic states |0J〉 ∈ C. Using any one
of these, |0J0〉 as the origin, we can coordinatize any other |0J〉 using the Bogoliubov coefficients
relating them, i.e., by two functions rk, θk which span a 2-dimensional plane for each k: rk ≥ 0 and
θk ∈ (0, 2pi). Thus C can be endowed the structure of an infinite dimensional vector space. The
ball B is a small subset of this full space in that for each k we now have only a disc rk ≤ sk. But
one may wish to impose additional regularity or physical conditions to further narrow down the
choice of the Heisenberg states by appealing to some features of quantum perturbations beyond
Planck scale dynamics. An example of such a requirement is discussed in [14], where one narrows
down the choice to a unique Heisenberg state through a requirement that bridges the Planck scale
dynamics to physics at the end of inflation.
IV. SUMMARY AND DISCUSSION
The issue of whether the observed large scale properties of the universe can result from generic
initial conditions or whether a past hypothesis is essential for these properties to emerge has
been debated for a long time. In this paper we have adopted the second view, following the line
of thinking that underlies Penrose’s WCH. But we formulated our discussion in the context of
the current paradigm of the very early universe which is both a restriction and a generalization
of the setting used in the original formulation of the WCH: Rather than using full non-linear
classical general relativity, one restricts one’s attention only to FLRW geometries together with
linear perturbations, which, however, are now described using quantum field theory. The issue
of initial conditions persists also in this setting because there is still a great deal of freedom
in the choice of the background FLRW geometry as well as the Heisenberg state of quantum
fields representing perturbations. However, since Weyl curvature vanishes identically in FLRW
space-times, Penrose-type considerations can lead to restrictions on initial conditions only for
perturbations. Our discussion was focused on this problem.
To arrive at these restrictions, we had to extend Penrose’s original considerations in three
directions. First, since initial conditions for quantum fields cannot be specified on a singularity, we
are forced to replace the big bang by the Planck regime of a singularity-free quantum gravity theory.
Second, to formulate our generalization of the WCH, we had to pay due attention to the uncertainty
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relations. To obtain these relations, in turn, we had to first express curvature tensors in terms of
phase space observables and compute their Poisson brackets, adding a new dimension to the purely
space-time considerations of the original WCH. Finally, while Weyl curvature considerations are
well-suited for tensor modes, they are not adequate for scalar modes. Therefore a parallel strategy
has to be developed for scalar modes.
To carry out the first of these tasks, we were guided by LQC, where the big bang is replaced by
a quantum bounce due to quantum geometry effects and quantum fields representing cosmological
perturbations propagate on the resulting quantum geometry. As one would expect, at the bounce
the curvature and matter density are of Planck scale and general relativity provides a good descrip-
tion of the background FLRW geometry once they fall by a factor of 10−4. This provides a good
control over what one means by the Planck regime. In the actual formulation of our generalized
WCH, only the qualitative features of these results are relevant. Therefore, the formulation is
applicable well beyond LQC. In carrying out the second task, one would first expect to write un-
certainty relations using the electric and magnetic parts of the Weyl tensor, Eab and Bab. However,
it turned out that while the magnetic part can be represented by phase space functions, the electric
part cannot, because it involves second time derivatives of the metric in (full general relativity as
well as) the linearized theory. But one can use instead the intrinsic Ricci tensor Rab on spatial slices
(or, equivalently, the extrinsic curvature of these slices). The pair Rab, Bab is canonically conjugate
in the sense that the Poisson bracket between them is a c-number (see Eq. (2.26)). The CCR (3.1)
resulting from these Poisson brackets lead to Heisenberg uncertainty relations for the two sets of
observables. Our statement of the generalized WCH asks that the Heisenberg state be so restricted
that the expectation values of all these observables be zero and dispersions between them be as
small in the full Planck regime as is allowed by the Heisenberg uncertainties and the Planck scale
dynamics; see Eqs. (3.31) and (3.32). Finally, the third task –incorporation of scalar modes– can
be carried out easily by first expressing these equations in terms of the metric perturbations and
their conjugate momenta and carrying over that requirement to scalar modes.
At a technical level, the analysis brought out the powerful role played by considerations involving
uncertainty principles. Along the way we saw that these considerations are sufficient to select the
vacuum state uniquely in the standard Fock representation in flat space-time, and also select a
unique state (up to unitary equivalence) if imposed at any one time in a quantum FLRW geometry.
However, because the quantum FLRW geometry is time dependent, there is no state that satisfies
(3.31) and (3.32) in the entire Planck regime. Rather, what we obtain is a small ball B of Heisenberg
states that satisfies the quantum generalization of the WCH in the full Planck regime. These states
are as homogeneous and isotropic in the full Planck regime as allowed by the uncertainty principle
and quantum dynamics. Therefore, they satisfy the QHIH –quantum homogeneity and isotropy
hypothesis– that generalizes the WCH. The ball B contains the Heisenberg states that have been
used in the literature. Examples are [14]: (i) the so-called ANA vacua [34] in which the expectation
value of the adiabatically regularized stress-energy tensor vanishes (mode by mode) at a given
instant of time in the Planck regime, and, (ii) in the inflationary paradigm with the quadratic
or Starobinsky potentials, the Bunch-Davies vacua. (Other potentials have not been analyzed in
detail but we expect the result to be much more general.) However, recall that the Bunch-Davies
vacuum is normally selected by appealing to the approximate de Sitter geometry near the onset
of inflation. From a conceptual viewpoint, this corresponds to imposing ‘initial conditions’ in the
middle of evolution when the curvature is about 10−11 times the Planck curvature. The ball B,
on the other hand, is selected by fundamental uncertainty relations in the Planck regime. One
can impose further conditions to reduce the size of the ball B. Examples are: stronger ultraviolet
regularity in the Planck regime, and/or a condition that bridges the Planck regime with the late
time universe. An example of the second kind that leads one to a unique state in the ball is
discussed in [14].
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The proposal requires one to specify the Planck regime. Since this specification can vary because
there is no sharp boundary, the precise statement of the QHIH has a certain degree of fuzziness.
However, our goal was to specify the initial conditions that would capture only the coarse grained,
large scale structure of our universe, rather than its detailed microscopic features. Since the
notions of ‘coarse-graining’ and ‘large scale structures’ are themselves fuzzy, we believe that it
is reasonable to have the corresponding degree of fuzziness in permissible initial conditions. In
specific inflationary models referred to above, numerical simulations have shown that final results
for observable modes in the CMB are quite insensitive to the precise specification of the Planck
regime [14]. This is just as one would expect because these modes only probe the large scale
structure.
How does the QHIH compare to other ideas such as the Hartle-Hawking (HH) no boundary
proposal [35] aimed at constraining the quantum state of the universe? The underlying idea in the
HH proposal can be stated in the context of full quantum gravity. However, to make it precise, one
would have to spell out how to perform path integrals. For this, typically one restricts oneself to the
mini-superspace approximation for the background. But even in this case, the path integrals are yet
to be performed satisfactorily beyond some truncation, e.g. the steepest descent approximation.
Inclusion of perturbations in path integrals has also remained formal. Therefore, it is not yet
clear what the precise class of Heisenberg states selected in this approach is. What about QHIH?
Like the WCH from which it draws inspiration, the idea underlying QHIH is restricted to the
cosmological setting, which, however, can be much more general than the current paradigm of the
early universe used in our analysis. But it is not obvious how to extend it to full quantum gravity.
Furthermore, the detailed implementation of the idea has been carried out only in the context
of quantum perturbations on quantum FLRW geometries. This implementation does not require
further truncations; all calculations can be carried out systematically by ‘lifting’ techniques from
quantum field theory in classical FLRW geometries to quantum [12, 14, 16, 28]. As a result, we
have full control on the class of states chosen by this principle: states that lie in the ball B.
In any one of these states the quantum universe is maximally isotropic and homogeneous in the
Planck regime. This is the past hypothesis embodied in the QHIH. The idea, as in the WCH, is
that the arrow of time emerges from this very special initial condition.
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